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Abmproc— The pper presents dynamic modelling of o twelink
Bexible manipulator model. An explicit, complete, and secunale
nonlivear dynamic medel of the syskem is developed using
assumed made methisl. The Laprangian apprmch is mwed o
derive the dymumic misde] of the struchore. The mide]l equatioms
are verified with virrisus kang-bang inpul torque profik s
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L INTRODUCTION

Flexiblke link manipulabors are atmctive bocanse they avoid
the large inertin forces associated with waditional, large-
section, rigicklink manipulaors. Flexible robot manipulatons
requinz kxss material, amz lighter in weighl, consume kss powaer,
require  smaller  actualors, are more maneaverable  and
transportable, heve Jess overall cost and higher payload 1o
robot waight mtio. Unlika rigid manipulatos, the dymamics of
manipulators incorporate the @ ffects of mechanical Nexibilities
in its links.

Link Flexihility is a consaquenoe of the lighteeight
constructional fzature in the manipulator anms that are designed
o operak at high spead with low inertia. Thus, Nexible
manipulators underes two types of motion, e rigid and
Nexible motion. Beeanse of the intemction of thess motions,
the mesulting dynamic equations of Dexible manipulators a
highty complkx and in turn the control task becomes monz
chalkenging compared o that for rigid robols. h exible
link can b modkzled as distriboed parametar sysiem whens the
muotion is described by a coupled system of codinary and partial
difkz ren tial equations (POEL

PDOEs and boundary equations of o mvo-link Dexible
manipulator system ae obtained by malching the shear foroe
arl  bending moment at the elbow joint, allowing  the
eigervalies 1o be computed withoot recourse o dynamic
formulations [1]. On the other had, the vibration modes of a
seneric twoelink Nexible manipalator ar studied as a opction
af the link, mtor and tip mass distibotion. Mecessary and
sulficient conditions are developad for all vibration modes 1o
exchibit a node at the manipulater.

Varions approaches have been developed which can mainly
b divided into bwvo categorizs: the numencal analysis approach

Buftinton and Kane [4] developed equations of motion for
fexible mobols containing  translatiomal motion of - elastic
members The specific system investigaked is a vo-degrse of
Izedom manipulator whose configuration is similar o the wall
knewen: Stanford arm, whoss translational member is regarded
as an elastic beam. The AMM and an altemative foem o
Kane's method are used in the formolation of equation of
mation.

Subudhi and Morries [5] have vsad a combined Euler-
Lagrangs Formulation and AMM approach o model the planar
mation of & manipalaer consisting of two Nexibke links and
jinls. The comentiomal Lagrangian mosdkeling of Pexible link
robots does not fully incorporake the bending mechaniam of
fiexibkz link as it allows fres link elongation in addition 1o link
dellection. De 1 and Siciliano [6] have ulilisad the AMM o
derive a dynamic model of moltilink Pexibie mwbol arms
limiting 1o the case of planar manipulators with no lorsional
eflects. The equations of motion which can b2 amanged in a
compulatiomally efficint closd form that is also liear with
mspect 1o a suitahle satol constant mechanical parameaters have
been ohtained | 7).

This paper presants modeling of a meo-link Cexible
manipulator using Lagrangian echnique in conjunction with
the AMML The links are modeked as Euler-Bernoulli beams
salislying proper mass boundary conditions. A payload is
adiksd 10 the tp of the outer link, while hub inertiss ane
includiad ab the actuater joints. Various input torgue profiles are
also imestigated o verily the dynamic medel.

I ATwo-LINK FLEXIBLE MANIPULATOR

In this work, a twoelink Plexible manipulator moves in the
horeontal plane is comsidened. Fig. 1 shows a two-link Fexible
robot manipulator system consider in this siody. The ith link
has length {, and uniform mass density per unit kength g, .
The first link is clamped on the rowr of the first motor. The
szeonid motor, is atlached o the tp of the Grst link. £ and §
mprzsznl Young modulus and aea moment of inertia of both
link. A piyload is atached at the end-point of link-2. X (15 s
the ipertial coordinae frame. @ and &, are the angular
position and v (e are the mansverse component of the




